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Abstract 

We estimate the Holder exponent q of solutions to the Beltrami equa- 
tion df — fidf, where the Beltrami coefficient satisfies \\i-i\\oo < 1- Our 
estimate improves the classical estimate a > \\Kn\\~'^, where = (1 + 
|^|)/(1 — l/^l), and it is sharp, in the sense that it is actually attained in 
a class of mappings which generalize the radial stretchings. Some other 
properties of such mappings are also provided. 
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1 Introduction and main results 

Let f2 be a bounded open subset of M'^ and let / G W^^^{fl,C) satisfy the 
Beltrami equation 

(1) df = fidf a.e. in fi, 

where n e L°°(r2,C) satisfies \\n\\oo < l,d={di+id2)/2, d= {di-id2)/2. By 
classical results, see, e.g., Iwanicc and Martin [4], there exists a G (0,1) such 
that / is a-Hblder continuous in il. Namely, for every compact T d there 
exists Ct > such that 

\.nz)-.f{z')\ V ^ ' 

; ; < Ct vZ, Z G i , Z ^ Z . 



Moreover, let 

1 + ImI 



denote the distortion fimction. Then, the following estimate holds: 
(2) a> ^ 



\K^\\oo 
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This estimate is sharp, in the sense that it reduces to an equaUty on the radial 
stretchings 



(3) 



\z\"-'^z. 



Indeed, the function / defined above satisfies the Beltrami equation (1) with 
Beltrami coefRcient given by iJ,{z) = —(1 — a)/ {I + a)zz~^, and a simple com- 



putation yields 
pointwise equality 

(4) 



a . We also note that / defined in (3) satisfies the 



\Df{z)\'' = a-'jf, 



which is of interest in the context of quasiconformal mappings. 

There exists a wide literature concerning the regularity theory for (I), in the 
degenerate case where ||/i||co = 1, or equivalently, when the distortion function 
Kn is unbounded. See, e.g., [1, 2, 4, 5], and the references therein. Our aim in 
this note is to extend the classical estimate (2) in another sense, by subtracting 
a correction term to X^. 

Theorem 1. Let f G W^^^{^l,C) satisfy the Beltrami equation (1). Then, f is 
a-Holder continuous with 



(5) 



n\ + Re (/Lt, 



a > esssup , , / 2 — 

\sjx)cn \Jp(x)\ JsJx) ^ ^ - 



„(x)cn \^p\-^)\ JSp{x) 
where n denotes the outer unit normal. 

Here, (•, •) denotes the standard inner product in C, and is understood 

in the complex multiplication sense. That is, for every y = x + pe'* G Sp{x), 



we have n{y) = e**, {^,n^){y) = n{y)e'^'-* 
Re (/Lt, n^) > 0, and therefore 



esssup -j-^ 



— I I 

Js,(x) ^ 

< esssup 



= iJi{y)e In particular, + 
+ Re (/x,n^) -1 



1 - w 



Sp{x)\ 



S,(x) 



It follows that estimate (5) indeed improves (2). Moreover, our estimates are 
sharp, in the following sense. For every M > 1, let 



(6) 

and let ko : S 
(7) 

Let 61,62 : ] 
61 (0) 



c = c(M) = 



l + M-i 

be the bounded, 27r-periodic function defined by 



ko{0) 



if ^ £ [0,c7r/2) U [tt, TT + C7r/2) 
otherwise. 



K be the 27r-periodic Lipschitz functions defined by 

'sin(c-i6l-7r/4), 61 e [0, c7r/2) 

cos{c-^M{e - C7r/2) - 7r/4), 6 € [c7r/2, tt) 

-sin(c"i(6' - tt) - 7r/4), 6* G [tt, tt + c7r/2) 

- cos(c-iM(6' - TT - C7r/2) - 7r/4), 9 e [n + c-k/2, 2ir) 
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and 



' - cos{c-'^e - 7r/4), e G [0, c7r/2) 

sm{c-^M{e - C7r/2) - 7r/4), 6 G [c7r/2, tt) 

cos(c~i(6' - tt) - 7r/4), 6 € [7T,n + cn/2) 

- sm{c-'^M{e - TT - c-k/2) - it/4), G [tt + C7r/2, 27r). 



The sharpness of Theorem 1 is a consequence of the following. 

Theorem 2. Let B the unit disk in and let fo € W^''^{B,C) be defined in 
B \ {0} hy 

fo{z) = \z\^/' (ei(arg^)+ie2(arg^)). 

Let 

1 - fco(arg2:) __i 
1 + fco(argz) 

Then fo satisfies (1) with fi — no. Furthermore, there exists M > 1 such that 

|/xo| + Re (/xo, 



1 f (r. ^ I/xqI +Re(/xo,n^) ^ _ 



ess sup -—7 

Sp(a;)cn Ppl^^VI 

/or every M E {1,M). 

Our proof of Theorem 1 is based on the equivalence between Beltrami equa- 
tions and elliptic divergence form equations with unit determinant, to which 
we can apply some recent results in [6]. On the other hand, in order to prove 
Theorem 2, we shall use some properties of a class of mappings which generalize 
the radial stretchings. More precisely, we consider mappings of the form: 

(8) f{z) = |z|"(?7i(arg2;) +Z772(arg2;)) 

and coefficients of the form 

^ ^ ^ ^ l + fc(argz) 

for some 27r-periodic functions r]i,i]2,k, k > 1. We prove: 

Proposition 1. Suppose /x is of the form (9) and f satisfies (8). Then f is a 
a solution to (1) if and only if {rii,r]2) satisfies the first order system: 



(10) 



I ri[ = -akr]2 
[r]'2 = akrji. 



Furthermore, for every z the following equality holds: 
(11) |D/|2 = fc(argz)J/, 

where \Df\ denotes the operator norm of Df . 

We note that mappings of the form (8) generalize the radial stretchings (3). 
Indeed, when r}i{9) — cos 9 and r?2(^) = sin 9, (8) reduces to (3). We expect 
that mappings of the form (8) should be of interest in relation to other results 
on quasiconformal mapping theory and elliptic equations, as well. 
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Notation Henceforth, for every measurable function /, sup / denotes the 
essential upper bound of /. All integrals are taken with respect to the Lebesgue 
measure. 



2 Proofs 

We use some results in [6] for solutions to the elliptic divergence form equation 

(12) div(AV-) = inn 

where A is a bounded, symmetric matrix- valued function satisfying 

(13) detA = l a.e. inn. 
More precisely, let 



(14) j{e) 



cos — sm 6 
sin 9 cos 6 



The following results were established in [6]. 
Theorem 3 ([6]). The following estimates hold. 



(i) Let w G W^^^ {Ct) be a weak solution to (12), where A satisfies (13). Then, 
w is a-Holder continuous with 

where n denotes the outer unit normal. 

(a) Let Af) he the symmetric matrix-valued function satisfying (13) defined for 

every z ^ by 

A.(.) = .(„g.)( ^.,(^^^,)..(a,g.). 



where ko is the function defined in (7). There exists M > 1 such that 

If 2 

(15) sup / {n,Aon)=c = 



for every M e (1,M). Furthermore, the function uq = |2;|^/^9i(arg^;) is 

a weak solution to (12) with A = Aq. 

The reduction of Beltrami equations to elliptic divergence form equations 
satisfying (13) is well-known. For the reader's convenience and for uniformity 
of notation, we sketch it below. 

Lemma 1. Let f € Wi^^{n,C) satisfy the Beltrami equation (1). Let A^ = 
{O'n,io) be the bounded, symmetric matrix-valued function satisfying (13), defined 
in terms of the Beltrami coefficient /x = /^i + ifi2, M2(-2) G K, by 

l-2Mi + |/xp 1 + 2mi + |m|' 

(lb) a^,ii = ^ a^,22 - 



1 - |u|2 '^'^^ 1 - 



2m2 
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Then u = Re/ and v = Imf are a weak solutions to the elliptic equation (12) 
with A = Af^. 

Proof. We have: 



Setting 



2\uy + v^J 2 \-Uy + 



T 



for every z = a + ib= (a, b) we have 
-b 



Qz = { ^ j = iz, Rz= { = z. 



a 



Hence, we can write 



df^Uvu + QVv), df = ^{Vu-QVv). 



2 ^ " •'2 

Setting 

M = 



Ml -/"2 
M2 Ml 
equation (1) can be written in the form: 

Vu + QVv = MR (Vu - QWv) . 

It follows that 

(/ - MR) Vm = - (/ + MR) QVv 
and consequently u satisfies 

(/ + MR)~^ (J - MR) Vu = -QVv 

and V satisfies 

-Q {I - MR)~^ (/ + MR) QVv = QVu. 
A straightforward computation yields 

(7 + Mi?)"^ (/ - MR) = A^ = -Q{I- MR)~^ {I + MR) Q. 

Now the conclusion follows observing that div(QV-) = 0. □ 

Proof of Theorem 1. In view of Lemma 1 and Theorem 3, Re/ and Im/ are 
a-H61der continuous with 

\Sp(x)cn PpWi Js^{x) J 

where A^ is defined in (16). Setting ^ = a; + pe'*, t e K for every & Sp{x) C f2, 
we have n(^) = e'*. Hence, we compute 

(n(0, ^^(0»^(0) = (e'*, ^/^(Oe'*) =Vii cos^ * + 2^12 sint cost + 0^,22 sin^ t 

1 + ImI^ iti cos 2t + /i2 sin 2t 
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Using the identity 
we have on Sp{x) 

(17) („,^„„,.,,^_2M±M^I!!) 

and we conchidc the proof. □ 

Now we prove some properties for the special case where the Beltrami coef- 
ficient fj. is of the form (9). 

Lemma 2. Suppose fi is of the form (9). Then as defined in (16) is given 
by 

p fc-i(argz)j"^ 

_/ kcos^ 9 + k^^sin^ {k - k^^) sin cost 
~\ {k- k~^)sm6cos6 k~^ cos^ 6 + k sin^ ^ 

Proof. Setting 6 = a,vgz, we have 

1-k 



1 + k 



and therefore, 



1 — k 1 — k 

Lii = cos 29 Li2 = sin 29. 

1 + k 1 + k 



We compute 



In view of (16), we have 

2x _i o ,2 _ ^1 - cos26' + A:2(l -)-cos26') 



(1 - |Mr)a^,ii =1 - 2^1 + ImI = 2 
=4 



(1 + ky 

sin^ 9 + k'^ cos^ 9 



and consequently 

Similarly, 

Finally, 



(l + fc)2 



O'n,!! = k cos^ ^ + T sin^ 9. 



O'ij.,22 = T cos^ 9 + k sin^ 9. 

K 



0'H,12 — — -i 



1-M 

1 - A; 

TTk^ 4 V" k 



2LJ:sin2(^.^ii^ = T/fc-i Isin^cos^. 



□ 
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In what follows it will be convenient to use polar cooordinates x = pcosO, 
y = p sin 6. We recall that 

1 . I f z ^ . z „ 



Hence, (1) is equivalent to 



z 



from which we derive the polar form of the Beltrami equation (1): 
(18) {e'' - lie-'')fp = --{^' + ixe-'')U- 

Finally, we prove Proposition 1. 

Proof of Proposition 1. Proof of (10). If fi and / are as given, we have 
,.._,e-»=e.»(l-i^)=^e» 



e..+,e-..=e.»(l + i^)=^e. 



Since fp = ap"' ^(r]i + irj^) and fe = p^iv'i + ^'72)7 derive from (18) 

ak{r]i + im) = -i{v'i + ^2)^ 

which in turn implies (10). 

Proof of (11). We regard / as a mapping from (fi, dp^ + p'^dd'^) to (R^, dx^ + 
dy^). Writing / = p^rjidi + p°'r]2d2, for every ^ = S^pdp + E^ede we have 

d/C = P""' [{amip + m[ie)di + (a7?2^p + pr?^^,)a2] . 

Hence, 

In view of (10), we have r^iryj +772772 = and +773^ = a'^k'^{rif+r]2)- Therefore, 

\dfe=p'^''-'^a'ivi+vi){ep+p'k'ee). 

On the other hand, = + p'^^e- I* foHows that 

,2 _____"V'"-^H'/i + '/5)U;: + /^'^:'el) 



|d/|^=sup 



=a'p'^"-'\vl + Vi) sup i-t^ = a^fcV^(«-^)(77f + rji). 
t>o 1 + p'^t 
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In order to compute J/, we note that in polar coordinates on M? the Hodge star 
operator satisfies *1 = pdp A d^ and ** = 1. Hence, 



Jf = *(dRe/ A dim/) =ap^"-^ (771772 - V1V2) * (dp A dO) 
=ap2(«-i)(77ir7^-r7'i772). 

In view of (10), we have 771772 — 77^772 = ak{r}i + 772). It follows that 

J/ = aV"-^H^? + r?|) 

and, finally, that 

|d/|2 = kJf 

for every z ^Q. Now (11) is established. □ 

Proof of Theorem 2. By direct check, (©1, 82) is a solution to system (10) with 
k = ko and a = c~^, where c is defined in (6). Hence, in view of Proposition 1, 
the function /o = p^/°(©i +162) is a solution to the Beltrami equation (1) with 
IJ, = fio- By Lemma 1, Re/o and Im/o are solutions to the elliptic equation (12), 
with A = Aq the matrix- valued funtion defined in Theorem 3-(ii). In view of 
(17), we have 



sup / {n, Aqti) 



sup / \k^^-2 




for every M G {1,M). □ 
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